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K: an NF or an MLF < K: an alg closure of K
Gx ¥ Gal(K/K)
(g,7): a pair of nonnegative integers s.t. 2g —2 +1r > 0

C': a hyperbolic curve of type (g,7) / K

(g: the genus, r: the number of cusps)

7m1((—)): the étale fundamental gp of (—)

Recall: The homotopy ext seq
1 — Wl(CXKF) — 7T1(C) — G — 1

induces an outer representation

pZGK — Out(m(C’ XKF))

Belyi, Voevodskii, Matsumoto

If r > 0, then p is injective. W

Today,

Thm 1| (Hoshi-Mochizuki)

For any (g,7), p is injective. B

Method: Combinatorial Anabelian Geometry



Notations:

k: an alg closed field of char 0

X: a hyperbolic curve of type (g,7) / k

n
A

Xo C (@1, wn) €EX Xpoo X, X | #wy if i #£7}

I, < 1 (X,)

In particular, the projections
Xn — Xn_1 — e = X = X

(xla'” 73771) = (:Ul)"' 7£En—1) = e (371,372) = I

induce a standard sequence of [outer| surjections
I, —» 1,1 —» - —- I — 1

Write K, = Ker(Il, — II,,,), o < {1}.

- {1} = K, C K, 1 C--CK, CKy=1II,

a € Aut(Il,) is F-admissible & For any fiber subgroup
J C 11, it holds that a(J) = J.
Recall:

J C 11, is a fiber subgroup i g = Ker(II,, — I1,,/)
— where II,, — II,;» is induced by a proj X,, — X, .



a € Aut(Il,) is C-admissible &

(i) a(Kpy) =Ky (0<m <n)

(i) a: Kyn/Kmi1 — Ky /K1 induces a bijection be-

tween the set of cusp’l inertia subgps C K, /K11

a € Aut(Il,) is FC-admissible 4 o is F-admissible and

(C-admissible

def

AutFC(11,)) = { FC-admissible automorphisms of II,, }
def

Out™(I1,,) = Aut™“(11,,) /Inn(IL,,)

Observe: X, +1 — X,, “forgetting the last factor” induces

b - OutC(II,11) — Ouwt™ (I1,)

Thm 2| ¢, is injective for n > 1. W

Remark:
(i) ¢y, is bijective for n > 4.

(ii)) Various X,,+1 — X,, “forgetting a factor” induce
the same Out™  (IL,,,1) — Out™ (IL,,).



Thm 2| = |Thm 1

Let X ¥ Oxp K, k¥R

(~ m(CxgK) = m(X) =1 )

Note: The outer rep'n p: Gxg — Out(Il;) factors as
Gr — Out™®(II}) — Out(I,).

Thus, to show that p is injective, it suffices to show that
Gr — Out™(II;) is injective.

This follows from the commutativity of the diagram

GK EE— OU_tFC (Hl)

Gx —— OutFO(Il3) -- = Out(my (P2 \ {0,1,00}))

T~

injective by Belyl



Today, for simplicity, we consider the proof of the

injectivity of ¢1 : Out™“(Ily) — Out™  (I1,).

= It suffices to verify:

Prop 3

Let

def

Aut'C(I1,) = |

\

a € Aut?

ey

a2 1l

— def
= = Ker(py) N Ker(pz) [ CIly |.

Then the injection

con J

= AutIFC (Hg)

is bijective. W

P1

\
H]_ D aq =1d

H]_ D OéQIid )

[cf. the slimness of 1ls]

Indeed, let o € Aut™(IIy) s.t.

%’

o 1,

P2

II; L Do =

II; Do

Inn(g1)




Observe: Let D C 15 be a decomp. gp assoc. to
the diagonal C X x; X. Then it holds that

oD) = 7-D-7 ' (7 ell).

Thus, since

we conclude that
oo = Inn(gs) (g2 € 1Iy).

Let g €Iy st. pi(9) =g1 and p2(9) = go.
~ Inn(g) too € Aut'FY(Il,) & =

~» o € Inn(Ily)

In the following, we consider the proof of Prop 3.



§2

A pointed stable curve / k

U1 (%)

¢

A semi-graph of anabelioids of PSC-type

B(ri(v1))  B(mi(vz))
O o o O
B(mi(e1))  B(m(e))  B(m(ez))

— where

x irreducible component <> vertex

x node <> closed edge

% cusp <> open edge

x B(G) : the connected anabelioid assoc. to G



G: a semi-graph of anabelioids of PSC-type
~» A natural notion of finite étale coverings of G

~» One can define the [profinite| fundamental gp Ilg

Example: (A finite étale covering of degree 4)



Notation:

G: a semi-graph of anabelioids of PSC-type
G: the underlying semi-graph of G

V(G): the set of vertices of G

N(G): the set of nodes of G

C(G): the set of cusps of G

£(G) ¥ N(G)uc(g)

In particular, z € V(G) (resp. N(G); C(G); £(G)) deter-
mines a(n) verticial (resp. nodal; cuspidal; edge-like)

subgroup 1I, C Ilg [up to Ilg-conjugacy].

G: a profinite group O H: a closed subgroup

Zg(H)déf{geG|g-h:h-g for Yh € H }

N

def _
NoH)={9eG|g-H-g'=H}
M
¢ \
open L 9 H g7
Co(H) G —
oen\
. . H )




Prop 4

(i) If z € V(G) (resp. £(G)), then II, is slim (resp.
~ 7).

(ii) Let {21, 22} be a subset of either V(G) or £(G).

open

It II,, Nn1I,, C II,,, then 23 = 25.
(iii) If z € V(G) UE(G), then Ch,(II,) = 1I..

(iv) Let z € £(G). Then 11, C Ilg is cuspidal (resp.
nodal) < II, is contained in precisely one

(resp. two) verticial subgroup(s). B

Definition

G, H: semi-graphs of anabelioids of PSC-type

o : IIg = I3 an isomorphism of profinite groups

(i) «is graphic < « arises from an isom G = H

(ii) « is group-theoretically verticial (resp. nodal;
cuspidal; edge-like) < « maps each verticial
(resp. nodal; cusp’l; edge-like) subgp C Ilg onto
a verticial (resp. nodal; cusp’l; edge-like) subgp
C Il, and, every verticial (resp. nodal; cusp’l;

edge-like) subgp C Il arises in this fashion.

10



Prop 5

o : IIg = I3 an isomorphism of profinite groups

Then « is graphic <« is group-theoretically

verticial and group-theoretically edge-like.

Moreover, in this case, « arises a unique isom

G—H. 1
(Proof) Prop 5 follows from Prop 4, (ii), (iii).

Observe: Ilg is topologically finitely generated
~+ A profinite topology on Out(Ilg)

Since the natural hom. Aut(G) — Out(Ilg) is an

injection with closed image [cf. Prop 5|,

~+ A profinite topology on Aut(G)

Definition

I: a profinite group

We refer to a continuous hom.

I — Aut(G) [— Out(Ilg)]

as an outer representation of PSC-type.

11



Thm 6| (A comb. ver. of the Grothendieck Conj.)

G, H: semi-graphs of anabelioids of PSC-type

pr: I — Aut(G), py: J — Aut(H):

outer representations of PSC-type

o : IIg = I3 an isomorphism of profinite groups

which fits into a commutative diagram

I 2 Aut(G) —— Out(Ilg)

lz lZ Out(a)

J 2L Aut(H) —— Out(Ily)
— where I = J is an isomorphism. Suppose that

(i) pr, pg are of NN-type [cf. §4].

(ii)) C(G) # 0 and « is group-theoretically cusp’l.

Then « is graphic [cf. Prop 5|. B

12
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(Proof of Prop 3)

Remark: At last year’s seminar, we have already discussed

the affine case of Prop 3!

For simplicity, let

To verify Prop 3, we may replace X — Spec(k) by a

stable log curve
U1

Zlog —

over a log point S'°8. [cf. the deformation theory of
stable log curves; the specialization isomorphism

I, = m(X,) = Ker(m®(Z1°¢) — 1,°5(5'8))]

13



Z'°8 s a semi-graph of anabelioids of PSC-type G

Observe: The fiber (Z28). of pry : Z28 — Z1°8 at e is

ey €

~» a semi-graph of anabelioids of PSC-type G/,

In particular, we have

1—>H2/1—>H2L>H1—>1

I [

Hg/e g

— where Il 4 det Ker(Ily — II;); the horizontal seq.

1s exact.

~ an outer repn p : II; — Out(Ily/;)

14



Y C Z: the irreducible component corr. to v;

Y1°8: the smooth log curve over S'°¢ determined by
the hyperbolic curve Y \ {e}
My Ker(m (V%) — mi(S'°%))

gk < Ker(I™ — T15)

Note: The natural closed imm. Y — Z induces a

commutative diagram

Yo —— Zs

lplﬁ \Lpﬁ

Y — 7

This diagram induces a commutative diagram

I —— I3 —— 5" —— I§"° —— 1

A

1l —— My —— Iy —— I —— 1

— where the horizontal seq. is exact; the vertical

arrows are injective.

~~ an outer rep'n psP : TI5%P — Out(Hg‘}ll))

15



HSUb — H2/1

2/1
Uy Vg
<_>
el €3
1 1
(Y57)e (Z37%)e
Hiub — Hl
(%] V2
. %
- &
Ylog Zlog

16



Let o € Aut'™“(IL,).
II. C II;: an edge-like subgp assoc. to e

~» We have a comm. diag.

I, —— II; —"— Out(Tly/,)

H H f Outlaln, )
I, —— II; —%— Out(Tly,,)

Note: Since the composite II, < II; — Out(Ily/q)

factors as the composite of
I, — Aut(g/e) with Aut(g/e) — Out(HQ/l)

— where the resulting outer rep’n is of NN-type —

it follows from Thm 6 that «|r,,, is graphic.

Moreover, since
P2 :
a1y —— 1} 7D ax=id

alm,,, induces identity automorphism on “G . ”
[cf. Prop 4, (i), (ii)].

17



Fix an edge-like subgroup .o C 15/, assoc. to e7.

3

Claim: vy € Z s.t.

a(Hef) = ’y-He<1> -’7_1.

(Proof of Claim)

By the above Note, there exists 7' € Il /; s.t.

a(lleg) = o' -Thes -~

1

Thus, we have
p2(Meo) = p2(v') - p2(Ileo) - p2(7") "
By Prop4, (iii), we conclude that
p2(v') € p2(Ilee).

In particular, by multiplying 4" by a suitable € Ilce,

we obtain an element v € =, as desired.

In light of Claim, to verify that o € =, we may

assume that

18



[yo, Iye C 15 /q: the unique verticial subgps assoc. to

v7, vg that contain Ilce [cf. Prop 4, (iv)]

H;‘}? C IIy/¢: the unique Ily/;-conj. of the image of
“H;‘}? — 1ly/;” that contains and is topologically

generated by Ilye, Ilye

~ By (1) and the graphicity of a|m,,,, we conclude:
(2) aflly) = (Mg );
(3) a(lly) = (ILyg);

(4) a(Igh) = (1),

Observe: Since CHz/l(Hgl;li) = H;L/lkl’ [cf. Prop 4, (iii)],

the diagram

sub
1z 5 Oue(iigsh)

¢ Out(« su
sub

1 2, Our(rigt)

[cf. (4)] commutes. Thus, «

et arises from an
2/1

a*'P € Aut(I15"P) [cf. the slimness of H;‘}kl’]

19



Moreover, it follows from the construction that
IFC (s
oS e Aut'™ (I,

On the other hand, by the affine case of Prop 3 [cf.

Remark at the beginning of the proof]|, we have

~ —_— def — 3
AutIFC(qub) hd :bub < =N HEUb.

~~ Y

et is a =-inner automorphism!
2/1

Thus, to verify that a € Z, we may assume that

() «

ub — id.
503

~ (6) O"va = id [cf. (3)]
Ieg C Ily/q: an edge-like subgp assoc. to e5 which
is contained in II,e

I, € II3/q: the unique verticial subgp assoc. to vy

that contains Il.s [cf. Prop 4, (iv)]

~ (7) Q(Heg) = Il

2
By (7) and the graphicity of |, ,,, we conclude:

(8) Oé(Hvo) = va



By (8), we obtain a comm. diag.

Hence, we have

(9) CM|HUO = 1id.

Since Il /1 is topologically generated by H;‘ﬁ and
I1,g, it follows from (5), (9) that

(10) 04’1—[2/1 = id.
Finally, it follows from (10) and the assumption
o Iy — I D an=id

that a = id [cf. the slimness of Il /4].

21
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Fix a universal covering G — G.

—

€

=~
Qe
o

N(G) = lim N (@)

%

def ;.

C(9) = limC(g)

£G) ¥ N(G)ucCG)

— where the proj. limits are over all conn. fin. étale

subcoverings G’ — G of GG

Let O e {V,&}.

~

If Ze(G), then we write Z(G’) for the image of

% via the natural map 0(G) — O(G).

II; C IIg: a unique [O-like subgroup assoc. to Z(G)
s.t. for every conn. fin. étale subcovering G’ — G
of é — G, the subgroup II; N1lg ClIlg is a
[O-like subgroup assoc. to Z(G’)

22



pr: I — Aut(G): an outer rep’n of PSC-type

I1; det IIg O>4 I: the profinite group obtained by pulling

back the exact sequence
1 —— g -5 Aut(Ilg) — Out(Ilg) — 1

by the composite I 2% Aut(G) — Out(Ilg).

~» we have a comm. diag.

] —— g —— 11y > 1 > 1
| | |-
1 —— IIg —— Aut(llg) —— Out(llg) —— 1

— where the horizontal seq. are exact.

Definition

(i) If 2eV(G) or N(G), then we shall write

(ii)) If Z € C(G), then we shall write

¥ ¢ DY Ny (1),

23



Lem 7

~

(i) Let v € V(G). Then the composite I; < Iy — [
is injective.

(ii) Let ¢ € N(G) that abuts to v € V(G). Then it
holds that I@ C Ié. N

(Proof) (i) follows from Prop 4, (i), (iii). (ii) is easy.

Definition

pr: I — Aut(G): an outer rep’n of PSC-type
pr is of NN-type (resp. SNN-type) <

(1) I~7Z.

~

(2) For every v € V(G), the image of the composite
Iy — Iy — I is open (resp. I) [cf. Lem 7, (i)].

~

(3) For every € € N(G), the natural inclusions
I, , I, C I; — where € abuts to 9y, 02 € V(G)
[cf. Lem 7, (ii)] — induces an open injection

I/[jl X I{)Q — Ié’.

24



Lem 8| pr: 1 — Aut(G): of SNN-type

~

(1) Let v € V(Q) Then D; = 1I; x I;.

~ ~

(ii) Let v € V(G); € € £(G) an element that abuts
to v. Then Dé = Hé X If).

(111) II; = ZH;(L?) Nllg = NHI(I@) NIilg. A

Notation:

(i) Let v, w € V(G). We shall write (v, w) <n if

the following conditions are satisfied:

x If n =0, then v = w.

x If n > 1, then there exist
{er,...,ent CTN(G); {vo,...,vn} CV(G)

— where vy = v; v, = w; e; abuts to v;_1, v;.

We shall write (v, w) =n if d(v,w) <mn and
d(v,w) £€n—1.

~

(ii) Let v, w € V(G). We shall write

25



Lem 9

pr: I — Aut(G): an outer rep’n of PSC-type
Let 01, T2 € V(G).

Consider the following 8 conditions:

(1) 6(31,72) = 0.

(2) 6(01,02) = 1.

(3) 6(v1,72) = 2.

(4) 6(01,09) > 3.
(1) Dy = Ds,.

(2") Ds,

(3") Dﬁl N Dg, # {1};
(4") D3, N Dg, = {1}

Then we have equivalences

(1) & (1');

(2) = (2); @)=

(3");

(4) &

Moreover, suppose that pr is of SNN-type.

Then if (3') is satisfied, then there exists a unique

b3 € V(G) s.t.

5(’171,173) = 5(172,173) =1 and Dj, N Dg,

26
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(Proof of Thm 6)

To verify Thm 6, by replacing II; by an open subgroup
C II7, we may assume that G, ‘H are sturdy, and that
p1, pg are of SNN-type [cf. Prop 4, (iii)].

x sturdy --- Every irr. component of the pointed stable

curve that gives rise to G satisfies the following:

The genus of the normalization is > 2.
Thus, to verify Thm 6, it suffices to verify

Claim A:
G, H: the compactifications of G, H, respectively

Then the isom. «: Hg = Hg which 1s induced

by « is graphic.

[We apply Claim A to various conn. fin. ét. coverings!]

27



Lem 10

Gp-theoretically verticial = Gp-theoretically nodal. Il
It follows from Prop 5, Lem 10 that Claim A <

Claim B:

a:llg = Iz is gp-theoretically verticial. W

(Proof of Claim B) First, let us prove that:

There exists a verticial subgroup V C IIz s.t.

a(V) is a verticial subgroup C Il.

Write I — Out(Ilz) (resp. J — Out(Il;;)) for the outer

rep’n of PSC-type determined by p; (resp. ps) and

out def out

M < Mg x I, Ty <€ Ty x J

~ o :1lg = Iy [and @] induces a comm. diag.

out out
HI:HQ X I%)HH x J=1I;

o |

_ out out _
H[:Ha X I%)Hﬁ X J=11I;

— where the vertical arrows are the surj. induced by
g — Ilg, 1y — 1.

28



By assumption (ii), Jeg € C(G), Jey € C(H) s.t.

B(Deg) — DGH .
Write vg € V(G) (resp. vy € V(H)) for the vertex
to which eg (resp. ey) abuts.

By Lem 8, (ii), the diag. (x) induces a diag.

B _
i l v B(Iyg) = Iy, !
Iy, # I,

Thus, we conclude from Lem 8, (iii), that

a(ll,,) =

=

Ny, (I

vg

) N 1Ig)

I(B(Ivg)) M Hﬂ
I(I,UH) N 1z

S

def
- VYT,

I
=

UV

Therefore, to verify Claim B, it suffices to show that:

~

Let o1, U2 € V(G) s.t. §(91(G),72(G)) < 1. Then if

a(lly,) is verticial, then @(Ilz,) is verticial.

29



If 91(G) = 02(G), then it is immediate. Suppose
that 91(G) # ¥2(G) and that @(Il ) is verticial.

Observe: There exist wq, w1, Wy € V(?) s.t.

(wo, 1) = 1. [cf. the next page]

~

(a) ~» There exist w}, @) € V(H) s.t.
B(Dg,) = Day, B(Da,) = Day.
(b), (c), Lem 9 ~» Dy, N Dy, = Ly,
~ Dy N Dy # {1}, Dy N Dy N1l = {1}
s 3, € V(H) st. Dg N Dy = I [cf. Lem 9]
~ B(Iﬁ/z) — Iw;
Thus, it follows from Lem 8, (iii), that

a(Hﬁ,Q) = H@/z.

~» We conclude from (a) that @(Il3,) is verticial !

30



[g’ — G: a connected finite étale covering of degree = 2]
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